A theoretical analysis of the laminar boundary-layer flow and heat transfer of power-law non-Newtonian fluids over a stretching sheet with the sheet velocity distribution of the form U w = Cx m and the wall temperature distribution of the form
Introduction
Investigations of boundary layer flow and heat transfer of viscous fluids over a flat sheet are important in many manufacturing processes, such as polymer extrusion, drawing of copper wires, continuous stretching of plastic films and artificial fibers, hot rolling, wire drawing, glass-fiber, metal extrusion, and metal spinning. Among these studies, Sakiadis [1] initiated the study of the boundary layer flow over a stretched surface moving with a constant velocity and formulated a boundary-layer equation for two-dimensional and axisymmetric flows. Tsou et al. [2] analyzed the effect of heat transfer in the boundary layer on a continuous moving surface with a constant velocity and experimentally confirmed the numerical results of Sakiadis [1] . Erickson et al. [3] extended the work of Sakiadis [1] to include blowing or suction at the stretched sheet surface on a continuous solid surface under constant speed and investigated its effects on the heat and mass transfer in the boundary layer. The related problems of a stretched sheet with a linear velocity and different thermal boundary conditions in Newtonian fluids have been studied, theoretically, numerically and experimentally, by many researchers, such as Crane [4] , Fang [5] [6] [7] [8] , Fang and Lee [9] .
Many industrial fluids such as particulate slurries (china clay and coal in water, sewage sludge, etc.), multi-phase mixtures (oil-water emulsions, gas-liquid dispersions, froths and foams, butter), pharmaceutical formulations, cosmetics and toiletries, paints, synthetic lubricants, biological fluids (blood, synovial fluid, salvia), and foodstuffs (jams, jellies, soups, marmalades) in their flow characteristics can be sorted into the non-Newtonian fluids. These kinds of fluids possess two distinguishable properties. One is that their viscosity obeys a relation analogous to the Hookian relation between a stress and its strain, i.e. the stress is proportional to the strain rate. The other is that their Reynolds number and Grashof number are low owing to their large apparent viscosities. In engineering practice, the laminar flows of non-Newtonian fluids are encountered more common than those Newtonian fluid flows. Among those most popular models for the explanation of the non-Newtonian behavior of fluids, the empirical Ostwaald-de Waele model (or the power-law model) gains much acceptance due to its apparent simplicity in mathematics and its adequate description of many non-Newtonian fluids over the most important range of shear rates.
Studies of non-Newtonian fluids flow over moving sheets have been received considerable attention in the past decades due to their important applications in engineering and science. Among these works, the theoretical analysis of boundarylayer equations for non-Newtonian power-law fluids was first performed by Schowalter [10] and Acrivos et al. [11] . The boundary-layer equations for a pseudo-plastic fluid were formulated, and the conditions for the existence of the similarity solutions were given by Schowalter [10] . A similarity solution to the boundary-layer flow of a power-law non-Newtonian fluid over a horizontal flat plate was obtained in [11] . Wu and Thompson [12] experimentally found that even if the Reynolds number is not large, the boundary-layer equations are still valid and accurate for the flow of shear-thinning fluids. Denier and Dabrowski [13] investigated the boundary-layer equations describing the steady uniform flow of a non-Newtonian fluid past a flat plate. They found that: (i) for shear-thinning fluids (n < 1) the flow in inner boundary layer admits a solution that decays algebraically into the far field, the outer boundary layer allows the algebraically decaying solutions to be matched smoothly with the solutions in the outer potential flow; (ii) for shear-thickening fluids (n > 1), the inner-boundary-layer solutions have a finite-width crisis which leads to that a secondary viscous adjustment layer is required to ensure correct matching with the far-field boundary conditions. Andersson and Kumaran [14] made an analysis on the non-Newtonian fluid flow over a moving plane sheet with its surface velocity proportional to the distance from the slit raised to an arbitrary power m. Their numerical results showed that the boundary layer thickness decreases monotonically with increasing values of power-law index n, which is totally different from the conclusion given by Hassanien et al. [15] . They further obtained a four-term series expansion which provides an excellent agreement to the numerical solutions over the range 0.5 ≤ n ≤ 1.5.
Chen [16] analyzed the boundary-layer flow and heat transfer of a non-Newtonian power-law fluid over a flat sheet moving with a power-law velocity in the presence of a transverse magnetic field.
The aim of this paper is to analyze the boundary-layer flow and heat transfer of power-law non-Newtonian fluids over a stretching sheet with the sheet velocity distribution of the form U w = Cx m and the wall temperature distribution of the
The similarity equations will be formulated and the existence of the similarity solutions will be discussed. Then the homotopy analysis method [17] [18] [19] [20] [21] will be applied to give accurate analytical approximations for this flow problem.
Basic equations
Consider the steady, two-dimensional laminar flow and heat transfer of an incompressible, viscous non-Newtonian power-law fluid over a stretching flat sheet. It is assumed that the sheet moves with a velocity according to a power-law form, i.e. U w = Cx m , and is subject to a prescribed surface temperature, i.e. T w = T ∞ + Ax γ . It is also assumed that the viscous dissipation is neglected. With these assumptions and invoking the boundary layer approximations, the governing equations for the boundary layer flow and heat transfer are
subject to the boundary conditions
where ρ is the density of the fluid, α is the thermal diffusivity of the fluid, the shear stress tensor is defined by the Ostwaldde-Wäle model, see Andersson et al. [22] or Liao [18] ,
in which
denotes the rate of stretching tensor, K is the consistency coefficient, and n is the index in the power-law variation of the shear stress of a non-Newtonian fluid. Such that the momentum equation (2) is therefore written as
Introducing the following similarity variables and transformations
into Eqs. (7) and (3), we have
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where ψ(x, y) is the stream function which defines in usual way by u = ∂ψ/∂y and v = −∂ψ/∂x, Re x = ρx n U 2−n w /K is the local Reynolds number, Pr = U w x Re −2/(n+1) x /α is the generalized Prandlt number (refer to [16] ).
To seek the global similarity solutions for this flow problem, we expand the generalized Prandlt number Pr in the following form,
It is shown in Eq. (12) that, when n = 1 or m = 1/3, the Prandlt number Pr no longer contains x term such that Eqs. (9) and (10) admit the global similarity solutions. For the case n = 1, Eqs. (9) and (10) become the classical equations describing the boundary-layer flow and heat transfer of a Newtonian fluid over a stretching flat sheet. While for the case m = 1/3, the global similarity solutions are in existence for all types of fluids, i.e. the shear-thinning fluids (n < 1), shear-thickening fluids (n > 1), and the Newtonian fluid (n = 1).
Results
Using the homotopy analysis method, The analytical approximations with high accuracy are obtained in the following form:
where a i,j and b i,j are the coefficients. Due to the solution procedure on the homotopy analysis method is available in the literature [18] [19] [20] , we omit the detailed process and only give some necessary messages here. The initial guesses used in the calculation are
The linear operators used in the calculation are
It is worth mentioning that the preceding HAM analysis is valid for arbitrary combinations of the power-law index n, the sheet stretching parameter m, and the temperature distribution parameter γ . In our calculation, all HAM approximations are obtained with the auxiliary parametersh f = −1/2 andh θ = −1/4, and λ = 1. The homotopy-Padé technique [17] is employed here. We first consider the momentum boundary-layer flow with some values of n and m. As shown in Table 1 , Table 2 Comparison of C f Re
for various values of n with m = 0.5. our [20, 20] order Homotopy-Padé [17] analytical approximations for f (0) agree well with the previous results given by Andersson [14] , Chen [16] , and Liao [18] . The physical interest for the non-Newtonian fluids flow is the non-dimensional skin friction C f , defined by
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where Table 2 shows the comparison of |f (0)| n−1 f (0) for various values of n with m = 0.5. As can be seen, the results agree well those given in [16] . Note that Liao [18] gave his results to the boundary-layer flows for integral power-law index n and the fractional power-law index n with two different HAM techniques. However, the paper shows that present HAM technique is valid for both the two cases. We then consider the heat transfer effect on the boundary-layer flows. As above-mentioned analysis, the global selfsimilarity solutions for the non-Newtonian fluid flows (n = 1) and heat transfer are valid only when m = 1/3. Thus we only investigate this case here. As shown in Figs. 1 and 2 , the non-dimensional temperature profiles decreases as the Prandlt number Pr increases for both the shear-thinning fluids (n < 1) and shear-thickening fluids (n > 1) for r = −1/2. However, the non-dimensional temperature profiles increases as the temperature distribution parameter r decreases for both the shear-thinning fluids (n < 1) and shear-thickening fluids (n > 1), as shown in Figs. 3 and 4 .
Note that the generalized Prandlt number Pr defined in [16] contains x so that his heat transfer analysis is local. These kinds of results are only valid for large x or small x. Different from Chen's analysis [16] , the present analysis is valid for all x. To the best of our knowledge, this problem has not been reported. 
Concluding remarks
In this paper, the boundary-layer flow and heat transfer of power-law non-Newtonian fluids over a stretching sheet with 
